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Abstract 

We present the Penrose limits of a complex marginal deformation of AdS$ x S 5 , which 
incorporates the SL( 2,R) symmetry of type IIB theory, along the (J, 0, 0) geodesic and along 
the ( J, J, J) geodesic. We discuss giant gravitons on the deformed ( J, 0,0) pp-wave background. 
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1 Introduction 


The marginal deformation [ 1 ] introduces phases in the superpotential which breaks the SO(6)r 
R-symmetry group to its U( 1) x 1/(1) x U(1)r Cartan subgroup. In the gravity side [2], the 
17(1) x 17(1) non-R-symmetry maps to a two-torus. The dual geometry is obtained by applying 
an SL( 2,R) transformation which acts on the Kahler modulus of the corresponding two-torus or 
equivalently a TsT (T-duality, shift, T-duality) transformation. The phases in the gauge theory 
can be complexified. In the dual geometry, it corresponds to a specific <SX(3,M) transformation 
which consists of the SL( 2,R) transformation and an S-duality transformation SL(2,M) s or equiv¬ 
alently an STsTS (S-duality, T-duality, shift, T-duality, S-duality) transformation [2, 3 ]. 1 The 
three-parameter generalization is proposed as a dual geometry to a non-supersymmetric marginal 
deformation of M = 4 super Yang-Mills theory [3]. 

The charges of chiral superfields under the 17(1) x 17(1) symmetry in the gauge theory corre¬ 
sponds to the angular momenta along the two-torus in the dual geometry. In terms of the angle 
coordinates (</>i, </> 2 , <fo) of S 5 , there are four possible BPS geodesics, (J^ x , J^ 2 , J^) (J, o,o), 

(0, J, 0), (0, 0, J) and (J, J, J). The Penrose limit along the first three geodesics and the Pen¬ 
rose limit along the fourth geodesic are two distinct pp-waves. The pp-waves are discussed in 
[4, 2, 5, 14]. 

A point graviton which has an angular momentum about the sphere of AdS m x S n blows up 
into a spherical brane [ 6 ]. A giant graviton is a spherical (n — 2)-brane which wraps a part of 
S n . A dual giant graviton is a spherical (m — 2)-brane which wraps a spatial part of AdS m . Both 
are BPS objects, which have the same quantum numbers as the Kaluza-Klein mode of the point 
graviton [7, 8]. Giant gravitons in the Penrose limit of AdS§ x S 5 are studied in [9]. 

Giant gravitons on the three-parameter non-supersymmetric background [3] are discussed in 
[10, 11]. It is shown in [11] that the (dual) giant gravitons do not depend on the deformation 
parameters 7 j, (i = 1,2, 3). (Dual) giant gravitons in the supersymmetric deformation are obtained 
by setting 7 j = 7 . D3-brane (dual) giant gravitons and D5-brane dual giant gravitons on 7 - 
deformed AdS^ x S 5 are discussed in [ 12 ]. Giant gravitons in the Penrose limits of marginally 
deformed AdS$ x S 5 along the (J, 0,0) geodesic and along the (J, J, J) geodesic are considered in 
[13, 14]. It is shown in [13] that the giant graviton on the deformed (J, 0,0) pp-wave is independent 
of the deformation parameter 7 and energetically degenerate with the Kaluza-Klein point graviton 
whereas the giant graviton on the deformed (J, J, J) pp-wave does not retain its round three-sphere 
shape. In [14], the Penrose limits of the complex marginal deformation of AdS§ x S 5 along the 
(J, 0, 0) geodesic and along the (J, J, J) geodesic are studied. Giant gravitons and dual giant 
gravitons are discussed on the deformed (J, 0,0) pp-wave. It is shown that the giant gravitons 
are not energetically degenerate with the point graviton and exist only up to a critical value of a. 
They are energetically unfavorable but nevertheless perturbatively stable. 

*7 is used for the SL( 2,R) transformation and a is used for the SX(2,R) s transformation. Both are real 
parameters with unit period. 
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In this work, we study the Penrose limits of complex marginal deformation of AdS 5 x S 5 , 
which incorporates the SL{2, K) symmetry of type IIB theory and observe giant gravitons on the 
deformed (J, 0, 0) pp-wave background. In section 2, we review the generalized complex marginal 
deformation of AdS§ x S 5 [15, 16], and present the pp-wave geometries which are obtained by 
taking the Penrose limits along the (J, 0,0) geodesic and along the (J, J, J) geodesic. In section 
3, we study the giant graviton solution on the pp-wave background and check the stability by 
observing small fluctuations about the solution. In section 4, we summarize our results. 

2 Generalized complex marginal deformation 

The Lunin-Maldacena SL( 3, K) transformation, which generates the gravity dual of the complex 
marginal deformation [1, 2] is 


/ 1 0 ° \ 

a lm = 7 1 o' . (2.1) 

V 0 0 1 ) 


The transformation can be generalized by an SL( 3, K) transformation 

/ Lu 0 L 13 \ 

L = I 0 1 0 , detL = 1, (2.2) 

\ £31 0 £33 / 


which corresponds to the <SX(2,M) symmetry of type IIB supergravity. The <SX(3,M) transforma¬ 
tion LAj M . therefore produces a generalized complex marginal deformation [2, 15]. We consider 
AdS$ x S 5 defined by 


ds 2 = R 2 


3 3 

— dt 2 cosh 2 p + dp 2 + sinh 2 pdQ^ + ^ d/r 2 + ^ , 

i=l i— 1 


xo = n, e $0 = r 2 , = 0, C 2 = 0, 

C 4 = 4/2 4 W $ 0 (w4 + A d(f>i A d<j)2 A dffe), 

F 5 = 4i? 4 e $0 (w y4( iS5 + W S 5 )> 

0JAdS 5 = du 4 , co s 5 = dwi A A d</>2 A d03, 
duj\ = cos ct sin 3 ct cos 0 sin dda A dQ, 

/ii = cos a, /j 2 = sin a cos 0, ^3 = sin a sin d, (2-3) 


2 




where R is the radius of AdS§ and the radius of S 5 . The complex marginal deformation of 
AdS§ x S 5 [16] is 

3 

ds 2 = i? 2 # 1 / 2 — dt 2 cosh 2 p + dp 2 + sinh 2 pdQ 2 + ^ ( dp 2 + Gpfdq i 2 ) 


2—1 


+GVn\nlnl E d(j>i 

\i= 1 

e* = VGHtz 1 , 

X = H- 1 (h + r^ago) , 


B 2 = R 2 GQuj2 — 4R 2 T2<jwi A ^ d(j)i, 

i— 1 
3 

C 2 = R 2 GTuj 2 - 4:R 2 T 2 x foj 1 A^dfa, 


2=1 


C 4 = 4ii 4 T2o;4 + 4R 4 t 2 G 


1 - dTg 0 


u\ A dcf> i A d(j )2 A (£03, 


F 5 — 42? 4 t 2 (iOAdSe, + Glo S 5), 


(2.4) 


where 


P = 7 2 / - 2717/1 + (J 2 ^, 

Q = 7 / ~ °h, 

T = 7/1 - <75, (2.5) 

G" 1 = I + P50, 

# = / + T%a 2 go, 

9o = Mi/^i + 

W2 = l£l4d(t>i A #2 +/i 2 /i|#2 A#3 + 53/i 2 #3 A#1, (2.6) 

/ = (T 33 + L 13 T 1) 2 + Li 3 2 r|, 

5 = (T 31 + L 11 T 1) 2 + Lu 2 t 2 , 

h = (T 33 + L 13 ti) (L 31 + Lnri) + LnL 13 r|. (2-7) 


The SX(2,K) transformation (2.2) can be identified with torus parameters from an eleven dimen¬ 
sional viewpoint. The parametrization considered in [15, 16] is 










with a constraint 


^3 


_R3_ 

sin £ 


(2.9) 


Ri, (i = 1,3) are the torus radii before the torus deformation and r 3 is the torus radius of the 
third direction after the deformation. £ is the intersection angle between the direction along the 
first direction and the direction along the third direction. The geometry can be simplified by 
identifying the axion-dilaton coupling with the torus modulus of the rectangular torus before the 
torus deformation as 


t = T\ + zr 2 


il , 



The deformed AdS 5 x S 5 is [15] 


( 2 . 10 ) 


X 

B 2 


g 4 

F 5 


ds 2 = l ? 2 // 1 ' 2 — dt 2 cosh 2 p + dp 2 + sinh 2 pdQ\ + ^ (dp 2 + Gpfdcj) 2 j + 9GV p\p\p\d^ 


i= 1 


e* = 


Vghi-\ 

TT 1 (icot£ + 7 <tZ 2 <7o) , 

3 

R 2 GQcu 2 — 4R 2 dlcoi A ^ dcj)i, 

i= 1 
3 

C 2 = R 2 GTu>2 — 4i? 2 7^cji A ^ d(j)i : 


i —1 


4i? 4 /o;4 + 4i? 4 /G(l — (77” 50)^1 A d(f> 1 A d4> 2 A d03, 
4i2 4 Z(cj J 4d5 6 + Gu)s$)i 


( 2 . 11 ) 


where 


= I + P50, 

H = esc 2 £, + a 2 l 2 go, 

V = y 2 esc 2 £ — 27 cHcot£ + <r 2 / 2 , 

Q = 7 esc 2 £ — al cot £, 

T = 7 Z cot £ — a/ 2 . ( 2 - 12 ) 


We study the Penrose limits of (2.4) along the (J, 0,0) geodesic and along the ( J, J, J ) geodesic. 
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The parametrization to take the Penrose limit along the ( J, 0,0) geodesic is 


Si := /, p = 

, x' 

t = x + + 

4 


- 1 / 4 R 


a = 




(j) 1 = x + - 


X 


r 2 = 


2 H 4/2 i? 2 ’ 2H 4/2 j R 2 ' 

y 2 = Y,( a 


„a\2 


z=l a=5 

By taking 72 —> oo, we obtain the pp-wave geometry 

cLs 2 = —2 dx + dx~ — [ y 2 + (1 + P)r 2 ] (dx + ) 2 + dr 2 + r 2 d£l\ + dy 2 + y 2 dfl§, 


$ — -l 

e =^ir 2 , 

r 2 

B,= 


- 1/2 

“1 


Q(cos 2 ddx + A dcj )2 — sin 2 ddx + A d</> 3 ), 


where 


C *2 = 1 ^,- ) T(cos 2 ddx + A dcj )2 — sin 2 ddx + A d 03 ), 

“i 

C 4 = —^S-(y 4 dx + A d ^3 + r 4 dx + A df^), 

“l 


dO 2 = dd 2 + cos 2 6 d 4>2 + sin 2 $d</> 3 , 


d ^3 = cos 9 sin 9d6 A dcj) 2 A d</> 3 . 

The parametrization to take the Penrose limit along the (J, J, J) geodesic [16] is 
"2 := / + ^d 2 T 2 , 0 O = p a 0 = arccos(^=), 


a = «o 


2 


77 V 4 


72 


W 

. „ 13 x 1 

9 — 9 0 + \l- 1 lA , p — 


2 ^V 4 


72 


-V 4 


72 


1 3 + V 1 

7? = 


x 3 - -ix 4 


2 S 4/4 i? V~ a/T 

t = x + H-—x“, i/j = x + - 

2 E 2 R 2 


{p 2 = .l 2(3+ P) x 


nV 4 p’ 
1 —'2 ^ 


1 


2 El / 2 R 2 


x , 


where the spherical coordinates and the torus coordinates are related by 
4’1 = ^~V2, 4>2 = V’ + V’l + 7>2, <j>3 = Ip ~ <Pl- 


(2.13) 


(2.14) 


(2.15) 


(2.16) 


(2.17) 
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By taking R —>• oo and shifting the coordinate x as x —>• x — ( x 1 x 3 + x 2 x 4 ), we obtain 

the pp-wave geometry in the homogeneous plane wave form [17] 2 


2\/3 


ds 2 = —2 dx + dx H— " = (x 3 dx 4 + x 4 dx 2 — x 4 dx 3 — x 2 dx 4 )dx + + ( dx I ) 2 

\/3 + P 


47? 


S (x “ )2 + 3Tp ((a:1)2 + (a:2)2) 


,a=5 


(dx + ) 2 , 


e* = 


3 + P 

_ Q i—i—1/2 

“ vT' 

2>/3 


3 -.-i 

2 t 2 ) 


£>2 = -^=S 2 dx 3 A dx 4 + 


2Q 


V3 + P 

<772^2 ly/2 dx + A (x 2 dx 4 — x 4 dx 2 ), 


E 2 l ^ 2 dx + A (x 2 dx 3 — x l dx 4 ) 


C *2 = -^=H 2 l ^ 2 dx 3 A dx 4 H—S 2 l ^ 2 dx + A (x 2 dx 3 — x l dx 4 ) 

Vs VsTv 

2y/3„ 


7 r 2 H 2 1 ^ 2 dx + A (x 2 dx 1 — x 4 dx 2 ), 


C 4 = 4i? 4 r 2 a;4 


+2r 2 S 1 ^1 — -Td^ dx + A (x 2 dx 4 A dx 3 A dx 4 — x l dx 2 A dx 3 A dx 4 ) . (2.18) 


3 Giant graviton on the deformed pp-wave 

We study giant gravitons on the deformed pp-wave (2.14). A static gauge for a brane which wraps 
the ( 0 , cj> 2 i <^ 3 ) directions is 

o- 0 = r, cr 1 = 0, a 2 = fa, cr 3 = fo, (3.1) 

and 

X+ = At, X~ = fir. (3.2) 

The fields on the three-sphere (2.15) can be parameterized as 

X 1 = r cos 9 cos <f >2 , X 2 = r sin 9 cos <(> 3 , 

A 3 = r cos 9 sin X 4 = r sin 9 sin ^ 3 . (3-3) 

2 loi in (2.3) is solved as u>i = E^ 2 — C) x 1 dx 2 — (addadj + 0(R~ 3 ). ( = is chosen, which is 

consistent with [13]. 
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(3.4) 


We turn off the fields on AdS§ 


X a = 0 , (a = 5, 6 , 7, 8 ). 


A D3-brane is described by the Dirac-Born-Infeld action and the Wess-Zumino term 3 


S = Sdbi + Swz 

= -r 3 J dVe-V— detP[g-B 2 ]-r 3 J ^P\C q A e~ B2 ]. (3.5) 

P denotes the pullback of the spacetime field to the brane woi'ldvolume. The D3-brane action in 
the deformed geometry (2.14) is 


S 


- T 3 J d 4 a^-detP[g-B 2 \-T 3 J P[C 4 ] 

J dr r 3 ^j 2A/r + A 2 r 2 (l + dVlS^ 1 ) — Ar 4 


(3.6) 


The action does not depend on 7 while it depends on a as well as 17 and t 2 . 
The lightcone momentum 4 of the D3-brane is 


5L _ MXr 3 

^ Hi y2A/r + A 2 r 2 (l + d 2 r 2 H^ 1 ) 


and the lightcone Hamiltonian is 


T- =H lc = - 


SL 


Mr 3 

Hi 


- jn + Ar 2 (l + d 2 r 2 2 H 1 3 ) 
2A/t + A 2 r 2 (l + < 7 2 t| H^ 1 ) 


(3.7) 


(3.8) 


where M := 2tt 2 t 2 T 3 . The lightcone Hamiltonian can be written as 


M 2 r 6 P+(l + o- 2 r |S^ 1 )r 2 Mr 4 

flfc ~2=fpT + -2-=T' 


(3-9) 


For 0 < <t < 


PH 

V3t2 ’ 


the Hamiltonian is extremized at 


r 0 = 0, r ±= \j(2±\Jl- 3 < 7 2 t|H/^ . (3.10) 

3 We choose the minus sign for the Wess-Zumino term as it is done in [12] since it is consistent with the conventions 
of [2, 3], 

4 The conjugate momenta are defined by P± = ■ The upper index and the lower index are related by 

P ± = -P T . 
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The lightcone Hamiltonian has local minima at r = ro and r = r+, and a local maximum at 
r = r_. The radii do not depend on 7 while they depend on a as well as the axion-dilaton 
parameters 77 and 72 • The corresponding lightcone energies are 


£0 


0 , 

(P + ) 2 H 1 


27M 


1 + 9<7 2 t|H7' =f (l - 3 a 2 


; _ l )3 /2 


(3.11) 


For a = 0, we have E + = Eq, i.e., the giant graviton is degenerate with the point graviton. For 


0 < a < 


72T 


we have E + > Eq, i.e., the degeneracy is lifted. The energy of the point graviton 


7SV vvc " ~ 0 ’ 

is less than the energy of the giant graviton. Therefore the giant graviton becomes energetically 
unfavorable. For a = we have r + = r_ and E + = E_, i.e., there is a saddle point at 


r = r±. The lightcone Hamiltonian has one minimum at r = ro- For <7 > ; the giant graviton 

V3t 2 


disappears. The result is consistent with the results of [13, 14]. 

The lightcone Hamiltonian in the Penrose limit of (2.11) is obtained by substituting Si = esc 2 £ 
and t = T\ + IT2 = il- The lightcone Hamiltonian for £ = ^ in the units of M = 1 and P + = 1 
is plotted in Figure 1. It is qualitatively the same as the one plotted in [14]. The lightcone 
Hamiltonian for al = ^ in the units of M = 1 and P + = 1 is plotted in Figure 2. As the 
intersection angle £ decreases, the minimum value of the lightcone Hamiltonian increases. 


tfcl 



Figure 1: Lightcone Hamiltonian with ( = | as a function of r. al = 0 (solid), 61 = l (dot- 
dashed), al = | (dashed), al = ^f- (dotted), Si = csc 2 £, T 2 = l, M = 1 and P + = 1. 


We examine the spectrum of small fluctuations about the giant graviton solution following the 
method of [13, 14, 18]. We fix the lightcone coordinates as 




= r, X = vt + e8x 


(3.12) 
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Figure 2: Lightcone Hamiltonian with a l = as a function of r. £ = ^(solid), £ = 
£ = ^ (dotted), Si = esc 2 £, T 2 = l, M = 1 and P + = 1. 


The ansatz for the perturbed configuration is 

r = ro + e<5r, 

X 1 = r cos 0 cos (/> 2 , X 2 = r smdcoscj)^, 

X 3 = r cos 9 sin , X 4 = r sin 9 sin cf> 3, 

X a = edx a , (a = 5, • • • ,8). 

The components of the pullback = P[g — up to the second order of e are 

D tt = — 2u — (1 + V)vq + e[ — 2d T 5x~ — 2(1 + V)r 0 5r] 
+e 2 [-^(fe a ) 2 -( l+V)dr 2 + ^ (drdx 1 ) 2 }, 

a I=i-\-a 

D rd = D 9t = -ed 9 5x~ + e 2 ^ ( d T dx I )(dedx I ), 

D T<t> 2 /<t> 2 T = =FS)" 1/2 Qro cos 2 6 > + e[-9^ 2 5x _ ^ 2 S^ 1 / 2 Qr 0 cos 2 6><5r] 
+e 2 [ ^ d-j-dx 1 dfoSx 1 H^~ 1 ^ 2 Qcos 2 0<5r 2 ], 

/=z-|-a 

D-rfo/foT = ±Zi 1/2 Qro sin 2 6 » + ± 2S ] ) 1 ' /2 Qro sin 2 95r\ 

+e 2 [ drdx 1 d^dx 1 ± H 1 1//2 Q sin 2 0 <Jr 2 ], 

I=i-\-a 


| (dashed), 


(3.13) 


(3.14) 
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Dij = rlgij + 2er 0 gij5r + e 2 
where the metric g,j is defined as 


gijSr 2 + y ^(djdx^jdjdx 1 ) 


1=1 


, (i, j = 0,(/)2,(/)3), 


1 0 0 

gij = | 0 cos 2 9 0 

0 0 sin 2 


(3.15) 


The D3-brane action is 
S = 5dbi + 5\vz 


-T 3 j d 4 ae-*^-detP[G-B]~ T 3 j P[C 4 - C 2 A B 2 ] 
-T 3 E^ 1 t 2 J dTd?a^/\g\rl j s + r$u - r 0 
-eT 3 H 1 ’ 1 r 2 [ dTd 3 a^/\g[ 


\/ 2 u~+ 


rxu 


d T Sx~ + — 
ro 


—e 2 T 3 E 1 1 t 2 / drd 3 a 


r o 


2 \J 2v + 


rZu, 


{V\ 9 \ 


3v + 2 rf) tt — 2 r oy j2u + r^u 

2„,'\2 
0 

2 
0 


9 ( 6 u + 4rn« 

30u + 28rZu - 

2 v + rlu 


—12r 0 \/2 v + rku 


Sr 2 + V\9\ r o X ](^ a ) 2 - Y1 6x1 ( 2zy + r o u ) d ^VW\s l:> dj) 


+(O 02 - %,)(Vl<?I s i l Q 2 rl)(d rj)2 - 8^) - rld T (vWr) J Sx 1 

+\A r ° U ^ r oSrd T Sx~ - 5x~di(y/\g\g 13 dj)5x~ 

2 u + Xq u 


+ 


2 v + r%u 


5x d T (\/\g\d T )6x j, 


where 


_ i , ~2 2--1 

— 1 + a t 2 ^ 1 . 


(3.16) 


(3.17) 


In the first order in e, d T Sx = 0 as the endpoints in r are fixed. From the second term, which is 
proportional to Sr we get a constraint' 5 


2 ri 


v± = 


-l-sdVfs^i Ji-sdvisr 1 


(3.18) 


5 The constraint is also obtained from (3.7) and (3.10) with A := 1 and fi := v. 
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v + minimizes the action. 

To find the spectrum we decompose the solution as 

Sx 1 = Sx 1 e~ iwT Y lia . 

Yi, a are four-dinrensional spherical harmonics which satisfy 


1 

V\d\ 




-qiYl, a , 


qi — l {l + 2 ). 


(3.19) 


(3.20) 


Due to the term ~ Q 2 [(d^ — d^Sx 1 ]^ in the fifth line of the action (3.16) the degeneracy of the 
spherical harmonics is lifted. The spherical harmonics are diagonalized as 


f_d _ d_ 


V d<l>2 d(/) 3 

The spectrum in the X a , (a = 5, ■ • • , 8 ), directions is 


Y, a = -a z Y, 


1 


w a — 1 + 1 Q 2 a 2 + g ( 2 + V 1 ~ 


"-'a 2 !- 2 


qi- 


(3.21) 


(3.22) 


The radial direction and the null direction X are coupled. The equations of motion are 


s := 1 - 3^ a t 2 , 


- s) + ^(2 + yfsfqi + 1 Q 2 a 2 - tx 2 

y 


Sr — i- 


. X f 6 y/s 


r 0 V 2 + y/s 


Sx = 0, 


. IX ( 


r 0 \ 2 + y/s 
The spectrum is 


1 


Sr + -r 
r 2 l 


9 


qi 


(2 + x/5) 2 


X 


Sx = 0. 


(3.23) 


i : = 4 ^(2 + ^ +E - lQ y 

3 


2 _ t ( 2 + yJS 
2 + 


t 2 


qi ± 2\ - 1 - s 

y V 16 


2 + 


qi- 


(3.24) 


cu^’s are positive definite while w 2 ’s are positive semidefinite. A zero mode occurs when l = 0. 
The spectrum is independent of the size ro- The spectrum depends on the marginal deformation 
parameters 7 and a as well as the axion-dilaton parameters t\ and 72 . There is no complex 
frequency. When a 7 ^ 0, giant gravitons are not energetically favorable but the spectrum of small 
fluctuations shows that the giant gravitons are perturbatively stable. The result is consistent with 
the results of [13, 14]. 
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4 Discussion 


We have studied the Penrose limits of the complex marginal deformation of AdS 5 x S 5 which 
incorporates the SL( 2, M) symmetry of type IIB theory and have presented the pp-wave geometries 
along the (J, 0, 0) geodesic and along the (J, J, J) geodesic. We have shown that giant gravitons 
on the (J, 0,0) pp-wave depend the parameter a as well as the axion-dilaton parameters. Giant 
gravitons exist up to a critical value of a, which depends on the axion-dilaton parameters. The 
spectrum of small fluctuations about the giant graviton solution is obtained. The giant gravitons 
are energetically unfavorable but perturbatively stable. 
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